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Cracks of non-ﬂat geometries are common in materials science applications. Their eﬀect on the overall elastic properties
is addressed. Applications of Rice’s [Rice, J.R., 1975. Continuum mechanics and thermodynamics of plasticity in relation
to microscale deformation mechanisms. In: Argon, A. (Ed.), Constitutive Equations in Plasticity, MIT Press, pp. 23–75.]
theorem that, in particular, relates stress intensity factors to crack compliances, are discussed and illustrated by a 2-D
example of a circular arc crack. Then we conduct computational studies of several non-ﬂat patterns and suggest a simple
approximation for compliances of non-ﬂat cracks. Implications for anisotropy due to non-random orientation distribu-
tions of cracks of non-ﬂat geometries are discussed.
 2007 Elsevier Ltd. All rights reserved.
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Eﬀective elastic properties of cracked solids is a classical problem that has been addressed in a large number
of publications, starting with pioneering works of Bristow (1960) and Walsh (1965a,b). The usual assumption
has been that cracks are ﬂat and circular, with extension to the elliptic cracks given by Budiansky and O’Con-
nell (1976).
In applications, however, cracks typically have ‘‘irregular’’ shapes and the question arises, to what extent
these results can be used. The key quantity to be examined is the compliance contribution of a crack that gives
the extra strain due to its presence.
As far as irregularly shaped ﬂat cracks are concerned, their compliance contributions have been calculated,
for several classes of irregularities, by Sevostianov and Kachanov (2002) and Grechka and Kachanov (2006).
The basic ﬁnding was that multiple irregular cracks can be replaced by an equivalent set of circular cracks,
provided the shape irregularities are random.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.02.034
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(A) Various ‘‘wavy’’ and ‘‘cap’’ patterns observed in materials science applications (for example, micro-
cracks in plasma-sprayed ceramic coatings or in fatigued metals).
(B) Intersections of otherwise ﬂat cracks (they are common in rocks where intersecting sets of large planar
fractures are often observed).
The present work examines the factor (A). The eﬀect of factor (B) on the overall elastic properties has been
examined by Grechka and Kachanov (2006) and found to be minimal.
In the context of stress intensity factors (SIFs) – and, more generally, stress ﬁelds near non-ﬂat cracks –
several non-ﬂat shapes have been considered in literature. The spherical cap crack was considered by Mar-
tynenko and Ulitko (1978) and Martin (2001a) and the wrinkled crack - by Martin (2001b). First-order
non-ﬂat perturbations of a circular crack were analyzed by Beom and Earmme (1992). Lai et al. (2002) gave
a thorough literature review and numerical results for a number of non-ﬂat shapes. As far as the compliance
contribution of a crack is concerned, it appears that the only available result is the one for a 2-D circular arc
crack derived by Gorbatikh (2004) (where results for interface cracks are also given); it is discussed in Section
3.
We start with brief overview of the basic formulas that are relevant for our analysis. The contribution of a
crack of any geometry to the overall strain, per reference volume V, is given by the integral over crack surface
S:De ¼ 1
2V
Z
S
ð½unþ n½uÞdS ð1:1Þwhere n is a unit normal to the crack and [u] = u+  u is the displacement discontinuity vector generated by
applied stress r (the usual homogeneous boundary conditions are assumed: in absence of the crack, stresses
would have been uniform within its site Hashin, 1983).
The problem is to express De in terms of r, i.e. to ﬁnd the compliance contribution tensor of a crack – fourth-
rank tensor H such thatDe ¼ H : r ð1:2Þ
(in energy terms, the change in the elastic potential in stresses is equal to (1/2)r:H:r).
For any ﬂat crack (normal n is constant along S),H ¼ nBn ð1:3Þ
where components Hijkl are symmetrized with respect to iM j,kM l and ijM kl (note that this makes Hijkl
non-symmetric with respect to jM k, in spite of the fact that tensor B is symmetric).
Second rank tensor B can be called COD (crack opening displacement) tensor of a crack: it relates the aver-
age displacement discontinuity vector b = <u+  u > to vector t = r Æ n of uniform traction induced by r at
the crack site in a continuous material:b ¼ B  t ð1:4ÞIt is symmetric (as follows from application of Betti’s reciprocity theorem to two diﬀerent loadings of a crack)
and, hence, has the principal representation in terms of three mutually orthogonal unit vectors n, s and s:B ¼ BNnnþ Bssssþ Bssss ð1:5Þ
These three vectors – the principal directions of crack compliance – represent directions of no coupling: uniform
traction t applied at crack faces in any of these directions generates b-vector in the same direction. If the ma-
trix is isotropic, n is normal to the crack and s, s lie in the crack plane; BN is the normal crack compliance and
Bss, Bss are the shear compliances in the corresponding directions. For any ﬂat crack in the isotropic matrix,
Hnnss = Hnnss = Hssss = Hssss = 0.
Remark. In the case of an anisotropic matrix, the representation (1.5) still holds but mutually orthogonal
vectors n, s and s are not necessarily normal/parallel to the crack.
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and shear crack compliances are equal, i.e. B is proportional to the unit tensor:B ¼ pl
E
I ð1:6Þwhere E is the 2-D Young’s modulus.
For a 3-D circular crack of radius a,B ¼ 16ð1 m
2Þa
3E
3
nnþ 1
1 m=2 ðI  nnÞ
 
ð1:7Þwhere E and m are Young’s modulus and Poisson’s ratio. Coeﬃcients at nn and I-nn represent the normal, BN,
and shear, Bss = Bss  BT, crack compliances. They are relatively close, BN  BT, since 1  m/2 is relatively
close to unity. Thus, H-tensor of a circular crack is given byH ¼ 32ð1 m
2Þ
3ð2 mÞE
a3
V
nIn m
2
nnnn
 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
~H
¼ 32ð1 m
2Þ
3ð2 mÞE
S3=2
p3=2V
~H ð1:8ÞFor the ﬂat elliptic crack, using Eshelby’s (1957) results on ellipsoidal inclusions specialized for elliptic cracks
by Budiansky and O’Connell (1976), tensor B has the form (Kachanov, 1994)B ¼ gþ 1
2
I þ 2n
gþ 1 1
 
nnþ g 1
gþ 1 ss ssð Þ
 
ð1:9Þwhere s and s are unit vectors along ellipse axes 2a, 2b and n, g, 1 are expressed in elliptic integrals.
Obviously, the shear crack compliance depends on the in-plane direction, and this dependence increases
with increasing eccentricity. However, interpreting BT as the average, over in-plane directions, shear
crack compliance, the equality BN  BT holds with good accuracy. Hence, multiple elliptic cracks can
be replaced by an equivalent set of circular ones, provided the orientations of eccentricities are random.
Motivated by these results, Grechka et al. (2006) explored, by computational means, a number of highly
irregular ﬂat shapes and found that equality BN  BT holds in the average sense, so that multiple irreg-
ular ﬂat cracks can be replaced by an equivalent set of circular ones as well (provided the irregularities
are random).
Relations above have implications for the overall anisotropy due to multiple cracks. For the circular
cracks, the anisotropy is approximately orthotropic, with reduced number of independent constants, for
any orientation distribution of cracks – including the distributions that, geometrically, do not have this
symmetry (Kachanov, 1980). This result is rooted in the approximate equality BN  BT. Therefore, the
orthotropy continues to hold for non-circular ﬂat cracks provided the deviations from circles are
random.
For non-ﬂat cracks, B-tensor cannot be introduced and one has to revert to the H-tensor. One possible
approach to ﬁnding H-tensor is based on relating it to SIFs, via Rice’s (1975) theorem. The crack is treated
as having grown from an inﬁnitesimal nucleus to its current geometry and, if the SIFs along crack edges are
known at each step of the growth, then Hijkl are given by integrating the SIFs over the growth path. This
approach, discussed in the next section, has been applied to ﬁnding compliances of the annular crack (Sevos-
tianov and Kachanov, 2002) and the interface cracks (Gorbatikh, 2004). A similar approach to thermal con-
ductivity problem was developed by Sevostianov (2006). Applications of the theorem to 3-D non-ﬂat
geometries are limited due to a small number of available results for SIFs that are suitable for the integration
over the growth path.
In the text to follow, we illustrate the use of Rice’s (1975) theorem on a 2-D example and discuss other
implications of the theorem. Then we examine several patterns of non-ﬂatness by computational means. Based
on these results, we suggest a simple approximation for the H-tensor of a general non-ﬂat crack. In Section 5,
we discuss the overall anisotropy due to non-random orientation distributions of multiple cracks of non-ﬂat
geometries.
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In the context of eﬀective elastic properties, Rice’s (1975) theorem – that has a broader meaning – relates
crack compliance contributions Hijkl to SIFs. This allows one to utilize the available results for SIFs.
The relation between Hijkl and SIFs is as follows. We consider reference volume V containing a crack.
Increment dSijkl of the overall compliance due to incremental propagation da of crack front L is given by:dSijkl ¼ 1V
1
4
Z
L
cqr
oKq
orij
oKr
orkl
da
 
dL ð2:1Þwhere Ki (i = 1,2,3) are modes I, II and III SIFs and coeﬃcients cqr relate the near-tip displacement discon-
tinuity at a certain point near the crack front to the local SIFs:½ui ¼ cijKj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r=2p
p
ð2:2ÞIn the case of the isotropic matrix, there is no coupling between local modes. For example, for the normal
displacement discontinuity [u3], the only relevant coeﬃcient is c31; in view of the locally plane strain condi-
tions, c31 = 8(1  m2)/E.
We now treat the crack as having grown from an inﬁnitesimal nucleus to its current geometry. Then Hijkl
are given by integral (2.1) over the growth path:
R
dSijkl ¼ Hijkl. This requires that the SIFs are known along
the path. One such case is a 2-D circular arc crack, see the next Section.
Aside from being a quantitative tool, the theorem provides certain qualitative insights. In particular, since
Hijkl are integrals over the growth path, they are much less sensitive to various details of the crack geometry than
the SIFs. Consider, for example, a spherical cap crack that changes geometry in a small vicinity of its edge: it
detaches from the sphere and changes direction. This change may strongly aﬀect the SIFs but, since it occurs
only at the end of the growth path, changes in Hijkl will be small. More generally, whereas small-to-moderate
perturbations of crack geometries may substantially aﬀect the SIFs, their eﬀect on crack compliances is much
weaker. This is illustrated on the example of a 2-D circular arc crack in Section 3.
As another example, the theorem sheds light on compliances of the intersecting crack conﬁgurations. Anal-
ysis of 2-D geometries of this kind (‘‘crosses’’ and ‘‘stars’’) shows that SIFs can be found with good accuracy
by ignoring the intersections and formally treating the individual cracks forming the conﬁguration as isolated
ones that interact (Kachanov and Montagut, 1988). This implies that the compliance of the conﬁguration is
approximately a sum of contributions of the compliances of the individual cracks treated as non-intersecting
ones. For 3-D intersected circular cracks, the accuracy of this approach has been conﬁrmed by direct compu-
tational studies (Grechka and Kachanov, 2006).3. Two-dimensional circular arc crack
This problem (Fig. 2) can be analyzed in closed form, using Rice’s (1975) theorem and the available results
for SIFs. Applying formula (2.1) and taking into account that, under plane strain conditions, in the local crack
tip coordinate system, c11 = c22 = 8(1  m2)/E, the increments of compliances due to incremental crack prop-
agation Rda are (in the ﬁxed ‘‘laboratory’’ coordinate system)dS1111 ¼ 1V
4 1 m2ð Þ
E
R
oKI
or11
 2
þ oKII
or11
 2" #
da
dS2222 ¼ 1V
4 1 m2ð Þ
E
R
oKI
or22
 2
þ oKII
or22
 2" #
da
dS1212 ¼ 1V
4 1 m2ð Þ
E
R
oKI
or12
 2
þ oKII
or12
 2" #
da
dS1122 ¼ 1V
4 1 m2ð Þ
E
R
oKI
or11
oKI
or22
þ oKII
or11
oKII
or22
 
da ð3:1Þ
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tion inclined at an arbitrary angle c to the crack, were given by Sih et al. (1962); they can also be found in the
handbook of Tada et al. (1973). However, they contain an error pointed out by Cotterell and Rice (1980). The
corrected results are:KI ¼
ﬃﬃﬃﬃﬃ
pa
p r11 þ r22
2
 
 r11 þ r22
2
 
sin2
a
2
cos2
a
2
h i cos a
2
1þ sin2 a
2
(
þ r22  r11
2
cos
3a
2
 r12 sin 3a
2
þ sin3 a
2
 

KII ¼
ﬃﬃﬃﬃﬃ
pa
p r11 þ r22
2
 
 r11 þ r22
2
 
sin2
a
2
cos2
a
2
h i sin a
2
1þ sin2 a
2
(
þ r22  r11
2
sin
3a
2
þ r12 cos 3a
2
þ cos a
2
sin2
a
2
 

ð3:2ÞSubstituting these results into (3.1) and integrating from a = 0 to the current value of a yields components of
the crack compliance contribution:H 2222 ¼ p 1 m
2ð Þ
AE
R2ð1 cos aÞ  15
4
 cos a 1
4
cos2 aþ 18
3 cos a
 
H 1111 ¼ p 1 m
2ð Þ
AE
R2 1 cos að Þ 1
4
 cos a 1
4
cos2 aþ 2
3 cos a
 
H 1122 ¼ p 1 m
2ð Þ
AE
R2 1 cos að Þ 7
4
þ cos aþ 1
4
cos2 a 6
3 cos a
 
H 1212 ¼ p 1 m
2ð Þ
AE
R2 1 cos að Þ 3
4
þ 1
2
cos aþ 1
4
cos2 a 1
2
cos3 a
 
ð3:3Þwhere A is a reference area (one should be careful in calculation of H1212: when diﬀerentiating SIFs with re-
spect to r12, the replacement r12 ! ð1=2Þðr12 þ r21Þ gives rise to multiplier 1/2 that should not be overlooked).
The results (to within the multiplier p(1  m2)R2a 2/(AE) where Ra is half-length of the crack) are plotted in
Fig. 1. In the limit a = p, compliances of a circular hole are recovered. Note that formulas (3.3) diﬀer from the
ones given earlier by Gorbatikh (2004) that appear to be incorrect (as seen, for example, from plotting her
results for H1212).
As expected, the sensitivity of Hijkl to non-ﬂatness is substantially smaller than that of SIFs. At angles a up
to 20, crack compliances can be approximated by the ones of the rectilinear crack, whereas changes in SIFs
are quite noticeable (for example, mode I SIF under pure shear, that would have been zero for a rectilinear
crack, is about 40% of KII at a = 20, Cotterell and Rice, 1980). In this range, compliances H2222 and
H1212 are the dominant ones. Their values are bounded by the ones of two rectilinear cracks – of the ‘‘pro-
jected’’ and of the ‘‘straightened’’ lengths.4. Three-dimensional non-ﬂat cracks
4.1. Formulation and an approximate model
We apply the ﬁnite elements method to ﬁnding crack compliance contributions Hijkl for several non-ﬂat
geometries shown in Figs. 2–9. In order to compute them, we calculated, in accordance with (1.1), the follow-
ing dimensionless quantitieskij ¼ 3Eð2 mÞ
32 1 m2ð Þ
p3=2
S3=2
1
2r0
Z
S
½uinj þ uj
 
ni
 
dS ð4:1Þ
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Fig. 2. Spherical cap crack. Normalized crack compliance contributions, ~Hijkl, as functions of angle a. Solid lines show results of FEM
calculations, dotted lines – the approximation (4.4).
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Fig. 1. (a) Circular arc crack; (b) Crack compliance contributions (3.3) to within the multiplier p(1  m2)R2a2/(AE) as functions of angle a.
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characterizes the extent of wrapping. Solid lines show results of FEM calculations, dotted lines – the approximation (4.4).
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the ratio of the height of the cap h normalized to the radius L of the projection on the x1x2 plane. Solid lines show results of FEM
calculations, dotted lines – the approximation (4.4).
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the rest are not.
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mulated as follows. We assume that, for the considered crack surface S, certain ‘‘reference’’ ﬂat shape can
be identiﬁed, for which tensor B entering (1.3) is known. For example, S may be formed by bending or
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Table 1
Normalized values of the components of the compliance contribution tensor ~Hijkl for a spherical cap crack
a () ~H3333 ~H 1111 ~H1133 ~H1122 2 ~H1313 2 ~H1212
0 0.87 0 0 0 0.513 0
5 0.86808 0.000963 4.3E05 7.8E05 0.512852 0.001039
10 0.857816 0.003831 0.0002 0.00032 0.513235 0.004147
15 0.841247 0.00856 0.00051 0.00072 0.51386 0.009285
20 0.81899 0.015079 0.00104 0.00132 0.514521 0.016398
25 0.791939 0.023267 0.00188 0.00212 0.514979 0.025386
30 0.761092 0.032983 0.0031 0.00315 0.515068 0.036136
35 0.727487 0.044056 0.00475 0.00445 0.514579 0.048502
40 0.692094 0.05627 0.00687 0.00602 0.513221 0.062294
45 0.655848 0.069386 0.00946 0.0079 0.510778 0.07729
50 0.619545 0.083154 0.01248 0.0101 0.507101 0.093251
55 0.583841 0.097297 0.01586 0.0126 0.502031 0.109893
60 0.549231 0.11153 0.01951 0.01538 0.495462 0.126912
65 0.51609 0.125569 0.02332 0.01841 0.487354 0.143979
70 0.484646 0.139143 0.02718 0.02162 0.477719 0.160765
75 0.455037 0.151994 0.03097 0.02494 0.466623 0.176939
80 0.427315 0.163895 0.03458 0.02829 0.454184 0.192182
85 0.401472 0.174647 0.03792 0.03156 0.440552 0.206206
90 0.377472 0.1841 0.04093 0.03467 0.425936 0.218769
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forming its ‘‘foundation’’ (these are examples considered below). In other cases, the ﬂat reference shape may
be elliptic. For certain shapes, such reference ﬂat shapes cannot be easily identiﬁed (Mobius’ and helical sur-
faces being examples); however, such cases appear to be exceptions, rather than the rule, in typical materials
science applications.
Table 2
Normalized values of the components of the compliance contribution tensor ~Hijkl for a circular crack wrapped around a cylinder
a () ~H3333 ~H2222 ~H1133 ~H 2233 ~H1122 2 ~H1313 2 ~H2323 2 ~H1212
0 0.87 0 0 0 0 0.513 0.513 0
5 0.869927 0.000962 0 0.000125 0 0.511896 0.512947 0.000574
10 0.864904 0.003833 0 0.000515 0 0.509444 0.513599 0.002294
15 0.856693 0.008576 0 0.001187 0.0000001 0.505386 0.514608 0.005131
20 0.845524 0.015117 0 0.002173 0.00000009 0.499771 0.515856 0.009044
25 0.831711 0.023361 0.00000002 0.003514 0.00000011 0.492663 0.517174 0.013976
30 0.815606 0.033178 0.00000003 0.005242 0.0000002 0.484148 0.518387 0.019852
35 0.79761 0.044405 0.00000006 0.007384 0.0000002 0.47433 0.519281 0.026577
40 0.778139 0.056849 0.00000015 0.009949 0.00000018 0.463335 0.519644 0.034039
45 0.757617 0.070274 0.00000029 0.012924 0.00000015 0.451312 0.519264 0.042103
50 0.736436 0.084417 0.00000063 0.016267 0.00000008 0.438431 0.517966 0.050613
55 0.714992 0.098967 0.00000091 0.019904 0.00000025 0.424899 0.515608 0.059383
60 0.693653 0.113573 0.00000145 0.02373 0.00000064 0.410953 0.512109 0.068197
65 0.672786 0.127838 0.00000214 0.027603 0.00000116 0.396879 0.507471 0.076801
70 0.652783 0.141291 0.00000314 0.03135 0.00000199 0.383034 0.501811 0.084887
75 0.634138 0.15337 0.00000421 0.034759 0.00000288 0.369891 0.495398 0.092086
80 0.617605 0.163352 0.00000557 0.037578 0.00000418 0.358135 0.488719 0.097932
85 0.604473 0.170219 0.00000689 0.03949 0.00000554 0.348838 0.482616 0.101819
90 0.596489 0.172585 0.0000083 0.04011 0.00000659 0.343381 0.478098 0.103018
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surface S:~H  hnBniS ð4:3aÞ
i.e.~Hijkl  1S
Z
S
niBjknl dS ð4:3bÞwhere tensor B is for the reference ﬂat shape. In particular, if the latter is circular,~H  nIn m
2
nnnn
D E
S
ð4:4ÞThe accuracy of this approximation is estimated, in the examples below, by the Euclidean norm of the errord ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
H =ijkl  Hijkl
 
H =ijkl  Hijkl
 
HpqrsHpqrs
vuut ð4:5Þ
This norm is commonly used in various approximations of the elastic properties (starting with the work of
Fedorov, 1968). The examples below show that the accuracy of this approximation depends on the extend
of the non-ﬂatness and on the presence of multiple ‘‘waves’’.
4.2. Spherical cap crack
This axisymmetric conﬁguration (x3 is the axis of symmetry) is shown in Fig. 2 and is described by the fol-
lowing equations:x1 ¼ R sin/ cos h; x2 ¼ R sin/ sin h; x3 ¼ R cos/ ð4:6Þ
where 0 6 h 6 2p, 0 6 / 6 a. Radius R and angle a are geometrical parameters.
The H-tensor is transversely isotropic and has ﬁve independent non-zero components: H1111, H1122, H3333,
H1313 and H1133 (component H 1212 ¼ ðH 1111  H 1122Þ=2Þ. Computed quantities (4.1) are given in Table 1 and
plotted in Fig. 2 (solid lines). The dotted lines represent the approximation (4.4). The plot for the overall error
Table 3
Normalized values of the components of the compliance contribution tensor ~Hijkl for a ‘‘wavy’’ axisymmetrical crack
H/L ~H3333 ~H 1111 ~H1133 ~H 1122 2 ~H1313 2 ~H1212
n = 1
0 0.87162 0 0 0 0.512718 0
0.127 0.847946 0.007499 0.00089 0.00064 0.512384 0.008136
0.255 0.787238 0.027729 0.00376 0.00265 0.510194 0.030375
0.382 0.710361 0.055293 0.00847 0.0061 0.50417 0.061393
0.509 0.633559 0.084568 0.01399 0.01071 0.493718 0.095282
0.637 0.564408 0.111719 0.01925 0.01589 0.479734 0.127609
0.8 0.489666 0.140819 0.02467 0.02243 0.458918 0.163247
1 0.417664 0.167137 0.02909 0.02935 0.432378 0.196486
n = 2
0 0.87162 0 0 0 0.512718 0
0.042 0.857383 0.003078 0.00082 0.00031 0.511354 0.003389
0.085 0.818416 0.011364 0.00296 0.0013 0.506658 0.012661
0.127 0.763413 0.022725 0.00568 0.00298 0.497676 0.025701
0.17 0.701383 0.035089 0.00833 0.00519 0.484356 0.040284
0.212 0.638957 0.047099 0.0106 0.00768 0.467656 0.054782
0.4 0.420926 0.086325 0.01657 0.01719 0.383258 0.10352
0.6 0.294179 0.107142 0.01991 0.02233 0.312506 0.129474
0.8 0.226704 0.1165 0.02143 0.02478 0.266792 0.141282
1 0.187145 0.120298 0.02162 0.02615 0.237319 0.146452
n = 3
0 0.871619 0 0 0 0.512717 0
0.025 0.859166 0.002364 0.00102 0.00024 0.510135 0.002601
0.051 0.824653 0.008746 0.00367 0.00099 0.502194 0.009731
0.076 0.774921 0.017549 0.00708 0.00226 0.488873 0.019813
0.102 0.717488 0.027216 0.01045 0.00397 0.471024 0.031191
0.127 0.658291 0.036696 0.01335 0.00594 0.450182 0.042637
0.2 0.506421 0.059021 0.01835 0.01166 0.38696 0.070677
0.4 0.27205 0.087768 0.01997 0.02107 0.263926 0.108834
0.6 0.183076 0.095862 0.01912 0.02345 0.207637 0.119309
0.8 0.142578 0.097266 0.01802 0.0238 0.179773 0.121064
1 0.120393 0.096194 0.01678 0.02368 0.164164 0.119871
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rough ﬁrst order estimate even at a = p/2 (18% error). We note that relative errors for H1122 and H1133 are
quite large but they do not contribute much to the overall error, since these components are small.
4.3. Circular crack wrapped around a cylinder
The crack surface (Fig. 3) is described by the equations:x1 ¼ R sin/ cos h; x2 ¼ R sin/ sin h; x3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2  x22
q
ð4:7Þwhere 0 6 h 6 2p, 0 6 / 6 2a. Radius R and angle a are geometrical parameters that determine the crack size
and the extent of ‘‘bending’’ of the crack. Computed quantities (4.1) are given in Table 2 and plotted in Fig. 3
(solid lines). The dotted lines represent the approximation (4.4). The plot for the relative error (4.5) shows that
the accuracy is better than 10% for angles a up to p/2.
4.4. Wrinkled circular crack
We consider a circular crack bent into an axisymmetric ‘‘wavy’’ sinusoidal pattern. The crack surface,
shown in Figs. 4–6, is given by equations
Table 4
Normalized values of the components of the compliance contribution tensor ~Hijkl for a ‘‘wavy’’ cylindrical crack
H/L ~H 3333 ~H2222 ~H1133 ~H 2233 ~H 1122 2 ~H1313 2 ~H2323 2 ~H1212
n = 1
0 0.871509 0 0 0 0 0.512603 0.512708 0
0.1 0.863083 0.00531 0.00000053 0.001014 0.00000051 0.50811 0.513052 0.003181
0.2 0.839421 0.020512 0.00000195 0.004073 0.00000191 0.495139 0.513537 0.012344
0.3 0.804491 0.043637 0.00000402 0.009079 0.00000396 0.475048 0.512936 0.026458
0.4 0.762818 0.072004 0.00000626 0.015599 0.0000062 0.44974 0.5101 0.044113
0.5 0.718123 0.102925 0.00000859 0.022908 0.00000846 0.421181 0.504524 0.063841
0.6 0.672938 0.134166 0.00001097 0.03022 0.00001065 0.391154 0.496349 0.084337
0.7 0.628788 0.164157 0.00001361 0.036911 0.00001289 0.361072 0.486132 0.104582
0.8 0.586494 0.191994 0.00001641 0.042615 0.00001508 0.331896 0.47456 0.123884
0.9 0.546543 0.217172 0.00001968 0.047178 0.0000176 0.304323 0.462329 0.141778
1 0.509125 0.239585 0.00002242 0.050615 0.00001946 0.278682 0.449974 0.158055
n = 2
0 0.871577 0 0 0 0 0.51267 0.512715 0
0.1 0.81086 0.035606 0.00000994 0.017878 0.000002 0.468885 0.493569 0.023769
0.2 0.677358 0.102264 0.00002273 0.045718 0.00000324 0.375968 0.449031 0.072896
0.3 0.540167 0.159417 0.00002445 0.061082 0.00000043 0.28525 0.400225 0.119017
0.4 0.427391 0.200217 0.00001979 0.065221 0.00000536 0.214587 0.358592 0.153535
0.5 0.340783 0.227985 0.00006899 0.063871 0.00003785 0.163245 0.326412 0.177219
0.6 0.274581 0.245949 0.00005985 0.059031 0.00003624 0.125923 0.302401 0.193748
0.7 0.225223 0.257423 0.00005103 0.05366 0.00003568 0.099573 0.284493 0.204285
0.8 0.187384 0.264442 0.00004213 0.048325 0.0000332 0.080309 0.270979 0.211022
0.9 0.157966 0.268452 0.00003452 0.043389 0.00003035 0.065969 0.260534 0.215139
1 0.134761 0.270368 0.00002731 0.038966 0.00002618 0.055081 0.252201 0.217417
n = 3
0 0.871584 0 0 0 0 0.512693 0.512701 0
0.1 0.723925 0.048913 0.00004237 0.025844 0.000008 0.415329 0.462418 0.037209
0.2 0.500583 0.102096 0.00009058 0.044299 0.00002068 0.272666 0.375899 0.086448
0.3 0.344703 0.130366 0.00006835 0.04633 0.00002284 0.17622 0.308724 0.116144
0.4 0.246347 0.144251 0.00006704 0.042125 0.00002527 0.117853 0.262648 0.13315
0.5 0.184261 0.150663 0.00004704 0.036979 0.00002278 0.083021 0.231235 0.142173
0.6 0.142735 0.153245 0.00003445 0.032162 0.00002011 0.061057 0.209011 0.14709
0.7 0.113732 0.153727 0.00002469 0.027979 0.00001674 0.046592 0.192752 0.149603
0.8 0.092713 0.152989 0.00001872 0.02444 0.00001457 0.036681 0.180421 0.150616
0.9 0.077016 0.151562 0.0000137 0.021466 0.00001203 0.029646 0.170772 0.15069
1 0.063577 0.149238 0.00001684 0.018317 0.0000107 0.023742 0.162709 0.150448
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2L
h i
ð4:8Þwhere 0 6 q 6 L, 0 6 h 6 2p and n = 1,2,3, . . . They contain amplitude h, radius q and ‘‘frequency’’ n. The
crack geometry and the computed quantities (4.1) are plotted in Figs. 4–6 (solid lines) and are given in Table
3 for diﬀerent values of n. The dotted lines represent the approximation (4.4). Plots for the relative error (4.5)
show that the accuracy of the approximation is satisfactory in the case of one wave (Fig. 4) but worsens con-
siderably when the number of waves increases. The underlying reason is discussed at the end of the Section.4.5. Circular crack bent into a ‘‘wavy’’ proﬁle
The crack surface is depicted in Figs. 7–9 for diﬀerent number of waves; it is described by equationsx1 ¼ q cos h; x2 ¼ q sin h; x3 ¼ h cos ð2n 1Þ p
2
x2
L
h i
ð4:9Þ
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in Table 4. Similarly to the conﬁguration of Section 4.3, the accuracy of the approximation is satisfactory in
the case of one wave but worsens considerably when the number of waves increases.
4.6. A comment on accuracy of the approximation (4.3)
The likely source of errors of the approximation (4.4) is that it does not reﬂect the mutual positions of dif-
ferent parts of crack surface S so that the interaction between them is not accounted for. Consider, for exam-
ple, component H2222, i.e. the normal crack compliance in the direction x2. For a single wave (Fig. 7), the
accuracy is acceptable, but it worsens considerably for multiple waves (Figs. 8 and 9). The reason is that multi-
ple waves produce a strong shielding eﬀect on one another when the load is applied in the x2 direction (the
eﬀect increases with the number of waves, consistently with the mechanics of shielding interactions of cracks,
Kachanov, 1994). Note that the accuracy remains acceptable for H3333 – consistently with the fact that the
interactions are weaker in this mode of loading. The examples considered here suggest the following hypoth-
esis: (1) the errors are mostly due to interactions between diﬀerent parts of crack surface; (2) the extent of
non-ﬂatness plays a secondary role, up to considerable deviations from the ﬂat shape. This is particularly well
illustrated by the geometries of Figs. 2–4 and 7: the accuracy remains acceptable up to substantial
‘‘amplitudes’’ of the caps.
5. Implications for the overall anisotropy due to multiple non-ﬂat cracks
We discuss the overall anisotropy due to multiple non-randomly oriented cracks of non-ﬂat shapes. We
start with relevant results for the ﬂat cracks and then discuss the eﬀect of non-ﬂatness.
For ﬂat circular cracks, the overall anisotropy is approximately orthotropic, for any orientation distribu-
tion – including the distributions that, geometrically, do not possess this symmetry; moreover, the orthotropy
is of the simpliﬁed, ‘‘elliptic’’ type, characterized by only four (rather than nine) independent constants
(Kachanov, 1980, see, also, his review of 1994). These facts are rooted in approximate equality of the normal,
BN, and the shear, BT , compliances of the circular crack: they diﬀer by the factor 1  m/2 (computational stud-
ies show that, typically, the orthotropy holds with accuracy substantially better than implied by this multiplier,
Grechka and Kachanov, 2006). Being derived in the non-interaction approximation, the orthotropy holds
with good accuracy at crack densities of at least 0.14 when the local interactions are strong, as shown by
the mentioned computational studies (the competing interaction modes – of stress shielding and stress ampli-
ﬁcation – largely cancel each other if the mutual positions of cracks are random).
For ﬂat non-circular cracks, these conclusions remain valid provided the shape ‘‘irregularities’’ are random,
more precisely, their orientations are not correlated with crack orientations and sizes (Grechka et al., 2006).
Any orientation distribution of such cracks is approximately equivalent to a set of circular cracks of certain
eﬀective density. In terms of H-tensors of cracks, this means that such a distribution of non-circular cracks is
approximately proportional to a sum of tensors of the type of (1.3):X
H ðkÞ 
X
CðkÞ nIn m
2
nnnn
 ðkÞ
ð5:1ÞWe now compare (5.1) with the approximation (4.3) for non-ﬂat cracks. The latter diﬀers from (5.1) only in
the transcription of the summation (integral vs sum). Therefore, in those cases when the approximation (4.3)
has satisfactory accuracy, the approximate orthotropy holds for any orientation distribution of cracks. Results
of Section 4 suggest that this is the case when crack shapes do not contain multiple ‘‘waves’’ with high ampli-
tude-to-wavelength ratio.
This does not mean that the orthotropy is ruled out in cases when the approximation (4.3) does not work
for each crack separately, since it may still hold for multiple cracks (due to cancellations of the deviations from
orthotropy coming from individual cracks). This is analogous to the case of ﬂat cracks of elongated shapes:
although the approximate equality of the normal and shear compliances does not in this case, the overall
approximate orthotropy holds for multiple cracks with random deviations from circles, since the two compli-
ances are then equal in the average sense. In other words, the sum
P½H ðkÞ  RSk nBnds may be small although
6426 M.E. Mear et al. / International Journal of Solids and Structures 44 (2007) 6412–6427each of the diﬀerences may not be. This hypothesis needs computational veriﬁcation on arrays of non-ﬂat
cracks.
6. Conclusions
This work focuses on the compliance contributions of non-ﬂat cracks – key quantities for the eﬀective elas-
ticity of solids containing such cracks. Computational studies of a number of 3-D ‘‘wavy’’ crack surfaces have
been performed. They supplement computational results of Grechka and Kachanov (2006) on yet another pat-
tern of non-ﬂatness – intersecting cracks.
Our studies indicate that the eﬀect of non-ﬂatness on crack compliance contributions is much less pro-
nounced than its eﬀect on SIFs, and that small-to-moderate non-ﬂatness can be ignored. We suggest, on
the basis of these studies, an approximate model for the crack compliance contribution that accounts for
non-ﬂatness by taking the average, over the crack surface, of the term nBn where tensor B is taken for the
‘‘reference’’ ﬂat shape. The model appears to have satisfactory accuracy for the conﬁgurations that can be
described as ‘‘caps’’ or single ‘‘waves’’ of substantial height, but the accuracy worsens substantially for the
conﬁgurations involving multiple ‘‘waves’’ with high amplitude-to-wavelength ratio.
Our results suggest certain conclusions on the overall anisotropy due to multiple non-randomly oriented
cracks of non-ﬂat geometries. In those cases when the suggested approximate model has satisfactory accuracy,
the anisotropy is close to orthotropy. Even in the cases when the model cannot be used for each crack sepa-
rately, the overall orthotropy due to multiple cracks is not ruled out; computational studies of arrays of multi-
ple non-ﬂat cracks are needed.
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